Via convex integration, we construct weak solutions to the nonresistive electron-MHD system which do not conserve energy and magnetic helicity.
Introduction
The incompressible Hall-magneto-hydrodynamics (Hall-MHD) system
∇ · u = 0, u(0, x) = u 0 (x), B(0, x) = B 0 (x), t ∈ R + , x ∈ R 3 or T 3 (1.1) has recently drawn mathematicians' attentions, owing to its significance in plasma physics as well as its mathematical complexity. In system (1.1), the vector fields u and B are the fluid velocity and magnetic field, respectively, while p denotes the scalar pressure. The coefficients ν, µ and d i represent the kinematic viscosity, magnetic resistivity and ion inertial length, respectively. Given B 0 with ∇ · B 0 = 0, we can easily deduce that ∇ · B = 0 for all t ≥ 0. Hence, we assume that ∇ · B = 0 throughout the paper.
For the ideal MHD system, i.e., ν = µ = d i = 0 in (1.1), Kelvin's circulation theorem for any material surface S moving with the MHD fluid yields d dt S B · dS = 0, that is to say, the magnetic flux through any material surface advected by the fluid is conserved. This is known as Alfvén's theorem, indicating that magnetic field lines are "frozen" into the fluid and the magnetic topology is preserved. Yet, for d i > 0, the Hall effect breaks the "frozen-in" property. Moreover, at length scale ℓ ≪ d i the ions appear to be too heavy to move with the fluid and decouple from the magnetic field, leaving the magnetic field frozen into the electronic fluid only. In this situation, the background ionic flow velocity u vanishes, and the Hall-MHD
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system (1.1) reduces to the following electron-MHD (EMHD) system
(1.2)
In the past decade, various mathematical results on the Hall-MHD and EMHD systems have been obtained. Global existence of weak solutions was shown in [1, 6, 21] , while well-posedness in various spaces was established in [6, 9, 12, 13, 17] . Striking ill-posedness results can be found in [10, 24] , whereas non-uniqueness of weak solutions was proven in [14] via a convex integration scheme. In [8, 16] , asymptotic behavior of solutions was studied. For a variety of regularity and blowup criteria, we refer readers to [7, 10, 15] .
We assume that there is a magnetic vector potential by A satisfying B = ∇ × A, which can be chosen to be divergence-free under the assumption of Coulomb gauge. System (1.2) implies that A satisfies the following system of equations
Given the magnetic field B, we can recover the magnetic potential A through the Biot-Savart law, i.e., A = ∇ × (−∆) −1 B. In this paper, we will consider system (1.3) in the non-resistive setting µ = 0. We are interested in the magnetic energy E(t) = B(t) L 2 and magnetic helicity H(t) = A, B L 2 (t), which are conserved over the time for sufficiently regular solutions. Indeed, the following identities hold -
It's easy to see that E ′ (t) = 0 and H ′ (t) = 0, as integration by parts along with the properties of cross product yield
However, for solutions that are not regular enough, the operation of integration by parts is not justified and the aforementioned conservation laws may no longer be true as the otherwise conserved quantities seem to dissipate due to the lack of smoothness of the solutions. This mechanism, known as anomalous dissipation, lies at the core of Onsager's conjecture in the context of hydrodynamics, which predicts that Hölder regularity index 1/3 is a threshold determining whether or not a solution to the Euler equations conserves energy. As of now, both the positive and negative sides of Onsager's conjecture have been mathematically justified by a series of studies on the 3D Navier-Stokes and Euler equations. The review articles [4, 27] are great resources on the development of this topic and related ones.
A heuristic scaling analysis of the Hall term leads to the expectation that solutions belonging to the Onsager-critical spaces L 3 (0, T ; B 2/3 3,c0 ) and L 3 (0, T ; B 1/3 3,c0 ) conserve the energy and the magnetic helicity, respectively. (The space B s 3,c0 is the union of all Besov spaces B s 3,q with finite summability index q.) Indeed, this was proven for system (1.1) with ν = µ = 0 in [21] . As the Hall term is the most singular term in system (1.1) which breaks the symmetries of the MHD system, the properties of the Hall-MHD system can be inferred from those of the EMHD system. Hence, this paper deals with the EMHD system only and the study of the full Hall-MHD system shall be forthcoming .
In this paper, using convex integration, we aim to construct weak solutions to the non-resistive EMHD system on T 3 such that while the solutions have finite energies, the corresponding E(t) and H(t) are non-constant functions. Our result of non-conservation may serve as an interpretation of the magnetic reconnection phenomenon, often observed in space plasmas. As mentioned before, the Hall-MHD system is a pivotal model for magnetic reconnection, a process in which Alfvén's "frozen-in" theorem is violated and changes in the magnetic topology occur, accompanied by energy transfers. As discovered in [25] , the magnetic helicity turns out to measure the degree of self-linkage or knottedness of the magnetic field lines. Thus, non-conservation of the magnetic helicity implies topological changes of the magnetic field, which is a key evidence of magnetic reconnection. Our main result states as follows. We would like to mention that the existence of anomalous dissipation of magnetic helicity for the 3D ideal MHD, i.e., system (1.1) with ν = µ = d i = 0, was shown for weak solutions with finite energy in [2] , which also demonstrates that there exist finite energy weak solutions to the ideal MHD that cannot be attained in the vanishing viscosity and resistivity limit. Moreover, in a very recent paper [22] , bounded and compactly supported solutions to the ideal MHD system that do not conserve the total energy and cross helicity have been constructed. We refer readers to the expository articles [4, 20] for the development and applications of convex integration.
We shall introduce the so-called convex integration method, which is essentially an iterative scheme outlined as follows. Let q ∈ N. We approximate system (1.3) with µ = 0 successively with the following system and R q being a certain symmetric traceless tensor determined by its predecessor R q−1 . At each step of the iteration, we will construct a solution (A q , B q ) to system (1.4) by adding a perturbation (v q , w q ), based on the Beltrami waves, to the preceding duo (A q−1 , B q−1 ). As the iterative algorithm runs, R q L p → 0 for some p close to 1. Hence, {(A q , B q )} q≥1 converges in D ′ to some limit (A, B), which is a weak solution to system (1.3), i.e.,
We then show that for such (A, B), the corresponding E(t) and H(t) are nonconstant on the time interval [0, 1].
Our proof of Theorem 1.1 relies on the following proposition on the iterative procedure, which we shall prove in Section 5.
there exists a triple (A q+1 , B q+1 , R q+1 ) satisfying system (1.4) and estimates (1.5) at the (q + 1)-th level. Moreover, for α < β 1+β and a small constant ε b > 0, we have
In the above proposition, a frequency parameter λ q and an amplitude parameter δ q are introduced in order to measure the stress tensor R q . More specifically, we define
for some positive regularity parameter β ≪ 1 and some large a, b ∈ N. The choices of the parameters a, b and β shall be made more precise in the following sections. The rest of the paper is organized as follows. In Section 2, we fix the notations and present several preliminary lemmas. In Section 3, we deduce Theorem 1.1 from Proposition 1.2. Sections 4 and 5 shall be dedicated to the construction of (v q , w q ) and the proof of Proposition 1.2.
Preliminaries
2.1. Notation. We specify a few notations for the sake of brevity. We denote by A B an estimate of the form A ≤ CB with a certain constant C and by A ∼ B an estimate of the form
The space of symmetric 3 × 3 matrices is written as S 3×3 , while S 3×3 0 denotes the space of symmetric traceless 3 × 3 matrices. We denote the trace-free part of the tensor product by⊗.
We define the norm f C 1
The operator P ≤N (or P ≥N ) can be understood as the projection onto frequencies no higher (or no lower, respectively) than N. In turn, P =0 projects onto non-zero frequencies.
2.2. Definition of weak solutions. We define the weak solutions to the electron-MHD system.
. Equivalently, a pair of divergence-free vector fields (A, B) is said to be a weak
For µ > 0, the existence of weak solutions can be shown via the standard Galerkin approximation procedure (cf. [6] ), while in the case of ideal electron-MHD system, the existence of weak solutions in general remains an unresolved issue.
2.3. Geometrical preliminaries. We introduce the Beltrami waves, which are stationary solutions to the Euler equations (thus also to the electron-MHD system).
Associating with each k ∈ Λ a constant a k ∈ C satisfyingā k = a −k , we define the real-valued Beltrami wave as
with λ a certain large integer for which λΛ ⊂ Z 3 . We note that the space of Beltrami waves contains linear spaces of fairly large dimensions. The Beltrami wave possesses the following properties -
We invoke the following geometric lemma, proven in [5, 18] , which asserts that given a symmetric matrix R close to the identity matrix, we can choose several Beltrami waves W, dependent smoothly on R, such that
which shall be used to construct cancellations in the iteration process. Lemma 2.2 (Geometric lemma). For any N ∈ N, we can find ε γ > 0 and λ > 1 with the following property. Let B εγ (Id) be the ball in S 3×3 centered at Id with radius ε γ . There exists pairwise disjoint subsets
with λΛ α ∈ Z 3 , and smooth positive functions
2.4. Auxiliary estimates. We list a few estimates which will be used in upcoming sections. The following L p de-correlation lemma can be found in [4, 5] .
Let p ∈ {1, 2}, and let f be a T 3 -periodic function such that
for a certain constant C f . In addition, let g be a (T/κ) 3 -periodic function. Then the following inequality f g L p C f g L p holds, where the implicit constant is universal.
We will use the following commutator estimate, proven in [5] .
Lemma 2.4. Fix κ ≥ 1, p ∈ (1, 2] and a sufficient large L ∈ N. Let a ∈ C L (T 3 ) be such that there exist λ ∈ [1, κ] and C a > 0 satisfying
with the implicit constant depending on p and L.
In [5, 18] , the following inverse divergence operator was introduced, along with the Calderón-Zygmund and Schauder estimates associated with it.
be a smooth vector field. There exists a linear operator R such that Rv(x) is a symmetric trace-free matrix for any x ∈ T 3 , and
In addition, the following estimates on R hold for 1 < p < ∞.
Proof of Theorem 1.1
To start the iteration process, we set the initial magnetic potential as
We note that here (0, cos(λ 0 x 1 ), − sin(λ 0 x 1 )) = cos(λ 0 k 1 ·x)k 2 − sin(λ 0 k 1 ·x)k 3 with k 1 = (1, 0, 0), k 2 = (0, 1, 0), and k 3 = (0, 0, 1) is a Beltrami wave. We can verify
with the symmetric and traceless stress tensor
A straightforward computation shows that the estimates (1.5) holds for q = 0. Starting from (A 0 , B 0 , R 0 ), we recursively apply Proposition 1.2, resulting in a sequence of approximate solutions {(A q , B q , R q )} q≥1 whose q-th element satisfies the corresponding system (1.4) and estimates (1.5)-(1.6) at the q-th level.
It follows from estimates (1.6) that
implying the strong convergence of {B q } ∞ q=0 to a certain function B in C 0 (0, T ; L 2 ). We further infer that {A q } ∞ q=0 converges strongly to a function A in C 0 (0, T ; H 1 ) satisfying ∇ · A = 0 and ∇ × A = B.
Since R q L ∞ (0,T ;L 1 ) → 0 as q → ∞, (A, B) is a weak solution of system (1.3). (Equivalently, B is a weak solution of system (1.2).) Clearly, A ∈ L ∞ (0, T ; H 1 (T 3 )) and B ∈ L ∞ (0, T ; L 2 (T 3 )).
We denote the magnetic energy of B by
Similarly, we denote the magnetic energy of B 0 by E 0 , which is given by
The difference E(t) − E 0 (t) is bounded, as
We set δ 0 to be small enough by choosing a and b in (1.7) large enough, so that
We also note that on the unit time interval
(3.9)
In view of (3.8) and (3.9), we obtain
It leads to
Analogously, we can check that the magnetic helicity is not conserved. Indeed, at the initial level, we have
(3.10)
The difference between the magnetic helicity H(t) of the limit (A, B) and H 0 (t) satisfy
Note that B L 2 ≤ 1 thanks to (1.5), A 0 L 2 ≤ λ −1 0 (2π) − 3 2 by construction, and we can conclude that, for sufficiently small δ 0 (large enough a and b)
It follows from (3.10) and (3.11) that
Thus the magnetic helicity H(t) is not a constant over [0, 1].
Construction of the perturbation
4.1. Intermittent Beltrami waves as building blocks. We adapt the building blocks which are used to construct non-unique weak solutions for the Navier-Stokes equations in [5] as well as for the Hall-MHD system in [14] , called the intermittent Beltrami waves, to the ideal EMHD system by incorporating only spatial oscillations into the Beltrami waves defined in Section 2.3. (In contrast to the construction in [14] , we exclude temporal oscillations.) The intermittent Beltrami wave W k is defined as
where the oscillation η k (x) shall be introduced as follows. For a large integer r, we define the 3D normalized Dirichlet kernel
where Ω r := {k = (i, j, l) : i, j, l ∈ {−r, ..., r}} is the lattice cube. We fix a small constant σ such that λσ ∈ N and σr ≪ 1, and choose an integer N 0 ≥ 1 such that for all k ∈ Λ α , α = 1, 2, 3, ..., N,
We then define the modified Dirichlet kernel
(4.13)
For simplicity, we use the notation η k (x) = η k,λ,σ,r (x). Since D r satisfies with the implicit constant in the inequality depending only on p, we observe that
Noticing that W k is supported on certain frequencies, we have
For Λ α , ε γ , and γ k as in Lemma 2.2, we have the following geometric lemma on the intermittent Beltrami waves W k , for whose proof we refer readers to [5] . 
(4.20)
Mollification and amplitude functions.
To avoid the loss of derivatives, we need to mollify the constructed solutions. The mollification can be done through a standard procedure by using Friedrichs mollifiers. We define the mollified versions of A q , B q , and R q in space and time at the scale ℓ as
where φ ℓ and ϕ ℓ are standard Friedrichs mollifiers on R 3 and R, respectively. The mollified triple (A ℓ , B ℓ , R ℓ ) satisfies
with the traceless symmetric commutator stress tensor R comm defined as
and the pressure term p ℓ defined as
We have the following estimates on the stress tensors -
(4.21)
We prescribe appropriate amplitude functions in view of the geometric lemma. To this end, we choose a smooth function χ : [0, ∞) → R, defined as
Notice that we have the following properties of ρ:
The amplitude functions a (k) are defined as
We have the estimates for a (k) ,
In view of (4.22) and Lemma 4.1, we conclude
We introduce the the following parameters for q ∈ N.
where the constants a ≫ 1 and b ≫ 1 are chosen to be sufficiently large and the constant β ≪ 1 is positive and sufficiently small.
4.4.
Construction of the perturbation. The perturbation v q+1 = A q+1 − A q consists of a principal part and a corrector -
where v p q+1 and v c q+1 are defined as
We can verify that
In view of the construction of v q+1 , we define the perturbation w q+1 = B q+1 −B q as
It is clear that ∇ · w p q+1 = ∇ · w c q+1 = ∇ · w q+1 = 0 and w q+1 = ∇ × v q+1 .
Proof of Proposition 1.2
To close the analysis of the previous section, we only need to prove Proposition 1.2, which will be achieved through a series of estimates.
5.1.
Estimates of the perturbation.
The conclusion (1.6) follows directly from (5.31), (5.32) and (5.35) . We are only left to estimate the stress tensor at level q + 1, which is the main task of next subsection.
5.2.
Estimate of the stress tensor R q+1 . Lemma 5.3. Consider the equation
There exists a traceless symmetric tensor R q+1 satisfying (5.37 ). In addition, there exists p > 1 sufficiently close to 1, and a sufficiently small ε R > 0 independent of q such that R q+1 L p λ −2εR q+1 δ q+2 (5.38) holds for some implicit constant which depends on p and ε R .
Proof: We first subtract the equation (1.4) at level of A q from the equation at level of A q+1 to arrive
We estimate the linear error R linear , Nash error R Nash , and oscillation error R oscillation separately in the following.
It follows
where we used (4.16) and (4.20) in the last step. By (5.30) and (5.33), we have
The last two estimates imply that
The Nash error can be estimated as, by using (5.33) and (5.34),
(5.40)
Next we estimate the oscillation error. Recall
It follows
Appealing (4.23), we obtain
Neglecting the pressure terms in the equation above, R o,1 can be estimated by using (4.20) and the commutator estimate (2.4), for large enough m
Regarding R o,2 , we have
Similarly, neglecting the last pressure term, R o,2 can be estimated as
for large enough m > 0. The estimates of the rest terms in the oscillation error are trivial. Applying Similarly, we have
Combining the estimates for R o,i with 1 ≤ i ≤ 5, the oscillation error (module the pressure terms) satisfies
The choice of the parameters (1.7)-(4.24) combined with (5.39)-(5.41) leads to the conclusion of the lemma.
